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In this paper we develop an existence theory for minimal 2-spheres in compact Riemannian manifolds. The spheres we obtain are conformally immersed minimal surfaces except at a finite number of isolated points, where the structure is that of a branch point. We obtain an existence theory for harmonic maps of orientable surfaces into Riemannian manifolds via a complete existence theory for a perturbed variational problem. Convergence of the critical maps of the perturbed problem is sufficient to produce at least one harmonic map of the sphere into the Riemannian manifold. A harmonic map from a sphere is in fact a conformal branched minimal immersion.
We prove the existence of minimizing harmonic maps in two cases. If N is a compact Riemannian manifold with j2(N) = 0, then every homotopy class of maps from a closed orientable surface M to N contains a minimizing harmonic map (Theorem 5.1). This has also been shown by Lemaire [L4] and Schoen and Yau [Sch-Y] . If w2(N) ? 0, then there exists a generating set for w2(N) consisting of conformal branched minimal immersions of spheres which minimize energy and area in their homotopy classes (Theorem 5.9). Our main result is the proof of the existence of a conformal branched minimal immersion of a sphere when the universal covering space of N is not contractible (Theorem 5.8) . When w2(N) = 0 this cannot be minimizing for the energy in the single homotopy class of maps. An important tool that is developed is a regularity theorem due to Morrey in the case that the harmonic map is minimizing [MO1] . In our version, Theorem 3.6, a harmonic map with finite energy from the punctured disk into N is C?? and harmonic in the entire disk.
The outline of the paper is as follows: The first section contains a discussion of the properties of harmonic maps from any compact orientable surface M into a Riemannian manifold N. The second section describes the properties of the perturbed problem. Section Three contains the main a For copying information, see inside back cover. priori estimate needed for convergence and for proving our regularity theorem, Theorem 3.6. Section Four describes the convergence properties of the perturbed problem, and finally in Section Five there is a collection of results on harmonic maps and minimal spheres.
The difficulties which will arise in our construction of harmonic maps are best illustrated by the case M-S2. Here we are trying to parametrize conformally by the standard sphere geometric objects representing minimal spheres. There are several difficulties which are obvious. Firstly, the conformal parametrization by the standard sphere is not unique. The group of conformal transformations of S2 is the group of linear fractional transformations, which is not compact, so that the set of critical maps of the energy integral on C1(S2, N) must be noncompact. In some way it is necessary to make a choice of parametrization. This problem is solved by our perturbation technique. The perturbed integral is not quite invariant under conformal transformations of the sphere, and prefers a parametrization which is carried over when the limit of the critical maps of the perturbed integral is computed.
Furthermore, once we have one minimal sphere we have many. Given s: S2-> N harmonic and f: S2 -__ S2 any meromorphic function, then sof: S2-.N is harmonic and will also be found by our techniques. This is a similar problem to the one arising from the fact that coverings of a closed geodesic also count as closed geodesics, although there is really only one geometric object represented. We can assume that it will be harder to count the number of primitive minimal spheres than it is to count the number of primitive closed geodesics. The most severe difficulty, however, seems to be of the following type:
Assume that wr(N) 0 0 and wr,(N) has at least two generators a1 and _r2, and try to minimize the energy and area of the image of maps s: S2-< N in every connected component of the mapping space C'(S2, N). Conceivably we may find a sphere with minimal energy and area in each of the connected components of C1(S2, N) corresponding to y1 and y2. A natural candidate for the minimal area map from S2 -> N in the component of CI(S2, N) corresponding to y1 + r2 is a map with image consisting of the two spheres already found connected by a one-dimensional bridge. Of course there is a map of S2 into this object, but not a conformal one. Thus we would not expect to be able to minimize the energy in this particular component. Minimal spheres connected by minimizing geodesics are likely to arise in any method of trying to establish a Morse theory for minimal spheres, but these objects cannot be conformally parametrized by spheres.
One can argue that one shouldn't expect to find minimal spheres corresponding to every element in w2(N), but only to some of them, and v/ + 7, is the wrong one to choose. However, it is very hard to construct a convergence scheme for producing critical maps which sometimes converge and sometimes diverge, and which can be shown to converge at least once. The existence of peculiar representatives of minimal spheres makes it more difficult to find the nice ones.
A rough description of our technique for finding harmonic maps follows. We find the critical maps of a perturbed energy integral for a > 1 (E1 is the usual energy integral plus a constant): E, (s) (1 + Ids V 2) dut and check the convergence of these maps as a --> 1. E, satisfies LjusternikSchnirelman theory and a Morse theory if a > 1. In what sense do the critical maps s, of E, approximate harmonic maps? The conformal invariance of the unperturbed energy integral and the approximate conformal invariance of Eq for a near 1 come into play here. For a near 1, the map s, is near a (possibly trivial) harmonic map s,: M -N except on a finite number of small disks Di c M whose radii go to zero as a ---* 1. Each of these disks Di should be thought of as expanded conformally to cover almost all of S2, and on each Di, s, is near a harmonic map si: S2 -, N. Actually, the process can repeat, with sq near si on Di, except on a finite set of small disks Dij c Di, each of which is conformally almost S2, and on Dij where S, is near a harmonic map sij: Sa-ge N. This process repeats. There is a bound on the number of harmonic maps produced in this way which is given by the bound on the energy. There is evidence that in the limit the object connecting the image of the different harmonic maps s,: M -+ N, si: S2 N, sij: S2 --> N and so forth should be geodesics. The domain for a map into the limit as a ->1 should be M connected to a sequence of spheres by curves.
One can see the difficulty of keeping track of the entire set of limits of s(, asa --a1. One can show that this complicated type of convergence actually occurs by looking at radially symmetric critical maps of Eq(s) - Ids 2dt on C'(M, S2) for M a disk or S2. Computations along these lines are found in the master's thesis of G. Schwarz [S] .
The perturbed integral E,(s) dsI 2"de is in many ways easier to deal with than the perturbed integral E,(s) =
(1 + -ds 2)adpe because of the invariance of the former integral under expansion from small disks to large disks, which makes explicit calculations easier. However, at some point we need the uniform ellipticity of the Euler-Lagrange equations for the perturbed integral. Hence our choice of Ea(s) (I + Ids 42)Vde.
The technique developed in this paper makes essential use of a conformal parametrization of a minimal sphere. Therefore the method cannot be extended to cover high dimensional minimal volume problems. Nor will the method extend to yield existence theorems for harmonic maps from manifolds of dimension larger than 2. A corresponding theory for a conformally invariant integral is available for domain manifolds of dimension greater than 2, but the images of the critical maps in this case will not be nearly as interesting as minimal surfaces. It is, however, possible to approach the existence question for minimal surfaces which are not spheres, with or without boundary, using some of the results in this paper: see IS-UI and and [Sch-Y1.
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Harmonic maps from surfaces
Let M denote a compact orientable surface with a given conformal structure and N a Ca Riemannian manifold without boundary of dimension greater than or equal to 2. We shall find it technically convenient to assume that N c Rk is a C"o isometric imbedding. From the Nash imbedding theorem we know that such an imbedding can always be constructed for sufficiently large k. Assume from now on that M has been given a Riemannian metric compatible with its conformal structure and that this metric induces the measure dfe on M. Let LP(M, N) Proof. The result follows from Lemmas 1.2, 1.4 and 1.5 and Theorem 1.6, together with the fact that there are no nontrivial holomorphic quadratic differentials on S2.
The situation for surfaces of genus larger than zero is complicated by the fact that they have many possible conformal structures. The following theorem gives a sufficient condition for a harmonic map from such a surface to also be a minimal immersion. THEOREM 1.8. If s is a critical map of E both with respect to variation of s and the conformal structure on M, then s is a conformal branched mitntmal immersion.
Proof. First we show that s is critical with respect to all variations in the metric. Let g(t) be a variation of the metric g = g(O) on M. Every such variation arises from a composition of (a) the pull-back of g by a C o family a(t) of orientation preserving diffeomorphisms of M, (b) a smooth curve in the TeichmUller space for the genus of M, and (c) a family of conformal changes in the metric. See e.g., jEA -E] . By hypothesis and Lemma 1.3 it is sufficient to show that s is critical for variations of type (a). To this end let dp(t) be the measure on M induced by a*(t)g and let u be the variation of s given by u = d/dt(s o a(t)-)to.
Then, identifying any metric on TM with the canonically induced metric on T*M, we have dE,(u)-0 since s is harmonic in the metric g. Now we show that s is weakly conformal by proving that the holomorphic quadratic differential 0 of Lemma 1.5 vanishes identically on any isothermal chart U. Let z be a local isothermal (with respect to g) parameter on the coordinate chart U. Let g(t) = (gij(t, z)) be a variation of g supported in U and (g'i(t, z)) _ (gij(t, z))-'. We can assume that (giJ(t, z))-(3ij) when t 0 0 or for z near AU and that g11(t, z) g2(t, z) -1 for all (t, z) : Then dt ig(t)(ds, ds)dpe(t)t= = dt ( (z) 2 + |s(Z)l2 + 2g'2(t, z))(sjz),  
Properties of the perturbed problem
We approximate the integral E, whose critical points are harmonic maps, by a slightly different integral. For convenience, choose a measure on M so that the area of M equals 1. Let is a C2 separable Banach manifold for a > 1. This, and the following theorem, plus several other basic smoothness theorems can be found in Palais [P3] . 
Now we give a regularity theorem for critical maps of El.. Although the theorem is true for a > 1, we give here a simple proof for a -1 small. We use the same technique later to get local estimates. y e N} N is the set of trivial critical maps of E, for a> 1 on which E,, takes its absolute minimum value 1. This submanifold of minima will have to be treated in a fashion similar to the submanifold of trivial minima in the geodesic problem. We shall be using the fact that the homotopy type is the same for all mapping spaces, from CO(M, N) 
PROPOSITION 2.4. Let a > 1. In every connected component of L2y(M, N) the minimum value of E, is taken on at some map sa e C(M, N), which also minimizes E, in its connected component in C'(M, N). There exists a B independent of a such that min E, < (1 + Bf)' in that component.
Proof. Since E, satisfies the Palais-Smale condition (C) , it takes on its minimum in every component of L2a (M, N). Proposition 2.3 implies that the critical maps lie in C-(M, N) . In each component we locate a differentiable map u, and let B = maxX ,, du(x) 1. Then min E 
We need now to analyze the structure of the submanif old N c L 2N(M, N) of trivial maps to points in N. Recall that at y e Nc L 2a We choose 0'X0 so that de(y,0): N) is an isomorphism. The result is a direct application of the implicit function theorem. ? (1 + B2)a for all y e Sk.
Suppose that E, has no critical value in the interval (1, (1 + B2)a). Then by Theorem 2.2 there exists a deformation retraction p: E Proof. If the covering space of N is not contractible, 7k+2(N) wk(Q(S2, N)) + 0 for some k > 0. Now apply Theorem 2.7.
Estimates and extensions
In this section we discuss local properties. The theorems and definitions on previous pages should be interpreted locally where necessary. First we note the difference in the roles of M and N. In the theory of harmonic maps the curvature of N plays an important role. In this paper the estimates on this curvature are in terms of the second fundamental form A of the isometric imbedding Nc Rk, although with some extra work one could show that they depend only on the sectional curvature of N. The curvature and topology of M do not play a role in these estimates. To see this, cover M by small disks of radius R on which the metric differs from the ordinary Euclidean metric by terms of order E. When we expand these disks conformally to be of unit size the integral becomes E,(s) = R2'1-' (R2 + 1ds2)ad/e where D is the unit disk, on which the induced metric still differs from the Euclidean metric by E, but the curvature now differs by terms of order eR . In fact, the smaller the original disk, the nearer to Euclidean is the metric on the expanded disk. For this reason, a priori estimates are uniform in a > 1, 0 < R < 1 and the Laplacian A close to the flat Laplacian 82/8X2 + 92/ay2 for critical maps of E(s) R2(1-a) (R2 + I ds 12) dVe
The two expressions E(s) =
(1 + I ds 12)('de = R2(1-a (R2 + Ids '2)adte'
are the same integral in coordinate patches with different parametrizations. Because the factor R2 1a-( does not affect the Euler-Lagrange equations, we often omit it. However, we try to make estimates in terms of the energy E(s D) rather than EBI(s D) because this conformal factor is confusing to deal with. The Euler-Lagrange equations (2) and (3) appear in the following forms after this conformal dilation: Then from (6) we get We were more careful with our estimates in the proof of Proposition 3.1 than we really needed to be. We shall use inequality (7) in the proof of the main estimate of this paper. One should note that this is the standard sort of estimate for regularity in perturbation theory. It says that if s is close enough to a constant map in a disk, we can get uniform estimates which are not otherwise available.
MAIN ESTIMATE 3.2. There exists E > 0 and a, > 1 such that if s: D --oN is a smooth critical map of Ea, E(s) < E and 1 ? a < a, then there is an estimate uniform in 1 a < a, Clearly, if W/E(s) is too small, this has no solutions except s _s. We use this later. THEOREM 3.3. There exists E > 0 and a0 > 1 such that if E(s) < E, 1 < a < a, and s is a critical map of Ea, then s e N0, and E(s) -0.
In our definition of harmonic maps, we assumed that the maps were continuous and satisfied the Euler-Lagrange equations in a weak sense. It followed from regularity theorems that the harmonic maps were smooth. Here we prove a slightly stronger theorem. We assume that s: D -{0---N is harmonic, and that the energy I ds 12dle < Cal In this case s is a weak solution of the Euler-Lagrange equation in L 2(D, N). We will prove that in such a case s is smooth. In the case that s is a strict minimum, this is proved by another method by Morrey [MO1] , Section 4.3. He directly uses the minimizing properties of E(s). Notice that due to the conformal equivalence of D -{0} with R2 -D, this theorem can be interpreted as a theorem on the growth at infinity of harmonic maps. We use the Main Estimate 3.2 derived in Section 3 for a more general equation. D(x0, R) denotes the disk of radius R and center x0; D(R) the disk of radius R and center the origin; D = D(1). We choose isothermal coordinates centered at the origin of the disk. Since5 ds 2dje < c&o, lim,-0 l ds 2dfe = O. By a con-
formal expansion to D(2) withS ds 2dfe<s, we can assumes ds 12de < E.
Wc( Roos l(2)
We choose 6 later. Proof. Let qp(z) = w(z)dz2 be the holomorphic quadratic differential defined preceding Lemma 1. 5. From Lemma 3.4 we get i w(z) 1[ 21 ds(z) 2 c z Therefore w(z) has a pole of order at most two at z = 0. Since I w(z) Idd, 2 ds I2d~t < a, the order of the pole is at most one. A direct computation Proof. We can assume that ds 2d, < s (by a conformal expansion), D (2) where s is at least as small as the s chosen in Lemma 3.4. We approximate s by a function q which is piecewise linear in log r and depends only on the radial coordinate. we can assume Here we have used the main estimate incorporated into Lemma 3.4. Now we estimate the L, norm of the difference between q and s. Choose IA1c02 o24cV1 < 6. Then from (9) and (10) This now implies s E L2 (D, N) for a > 1, and the proof of (2.3) applied to equation (1) gives regularity.
Convergence properties of critical maps of the perturbed problem
In the previous section we obtained existence of critical maps of the perturbed integrals and some uniform estimates. Our main result of this section, Theorem 4.7, is that as a 1, either these converge to a harmonic map, or there is a minimal sphere acting as an obstruction. This statement sounds a bit circular when M = S2, but it works. The technique is based on the type of estimates used in regularity theorems for elliptic operators; see for example reference [GI-Mi. Proof. This is just the weak compactness of the unit ball in L2(M, Rk). Because we have not assumed any minimizing properties for the sequence s,, we do not know much about s e L 2(M, Rk) except s(x) C N for almost all x e M. We do not, for example, know that s is continuous. It can certainly happen that limp , E(sp) > E(s) and s C N, Recall that N. is the set of trivial maps to a point.
As in the previous section, we assume M has been covered by disks, with the disks of half the radius covering M, and the metric on these disks uniformly close to the flat metric. These disks can be as small as we want, say of radius R = 2-m, and we make the additional assumption that each point of M is contained in at most h disks, where h is uniform as 2 -m> 0. If we expand these small disks to unit size, the integral appears on the unit disks D in the form E,(s) = (R2 + Ids 1?)Odp where R is the radius of the which ds, a 2dl-e > s, where s is the constant from Lemma 4.2. We claim a subsequence {a(l)} c {a} can be selected to converge to s in C'(D(xi, 2-m-'), N) except on I < hB/s + 1 disks. Suppose we have shown S5a(k) S in C'(D(x,, 2-r-n) N) for i = 1, 2, *.., k disks and there are more than Bh/s disks on which the convergence fails. Then there must be at least one disk D(y, 2-r) in the remaining disks, and a subsequence {a(k + 1)} c {6a(k)} such that for a =-a(k + 1), We have constructed s e C1 (U -{x1, ... , xl}, N) . Because s is a weak limit in L2( U, Rk), we have E(s) < lima e1 E(s,) < B, and we can apply Theorem 3.6 to get s: U-* N smooth and harmonic.
We have no assurance that s is not trivial when U M, or that the convergence can be extended over the points {x1, .. , x1} in the theorem. However in some cases we can directly argue that the convergence sa--+ s in the C' topology. Proof. Let ba maxxeD(x,2-) Idsa(x)I and xa e D(xl, 2-m) be a point a which the maximum ba is taken on. By choosing a subsequence, by Lemm, 4.5 we may assume lima s1 b"y cx,-. Moreover, lima, xa = x1, because s. --a inC'(M-{x1, *... xl}, N). Definesa(x)=s(xa+b-'x). 
Applications and results
In this section we state and prove the final results using the conver- Center a small ball about xi in M of radius p, where p is small enough so x, e D(p) for J ? i. We will choose p later. Define a modified function so: D(p) -) N which agrees with s,9 on the boundary of D(p) and with s in the center. Let C be a smooth function which is 1 on X > 1 and 0 on X?1/2. Let exp be the exponential map on N. 
(1 + ds 2)Vde-1, which implies
By assumption, w2(N) = 0 and sj and so are homotopic. Since so is a minimizing function for ES in its homotopy class, Eg(sgID(p)) ? Eg(siD(p)). Apply (12) and
If we initially choose p so p27w ls 12,. < s/2, we can apply Lemma 4.2 to get so s in C'(D(p) , N), since Eg(sg D(p)) < E for /3 sufficiently close to 1. We may conclude so -s in C'(M, N). Since so minimizes En, s must minimize E in the same homotopy class.
A free homotopy class of (unbased) maps from M to N induces a map between wz1(M) and wc1(N). The following theorem has exactly the same proof as Theorem 5.1 which we do not repeat. When we replace so by so in D(p), we do not change the map on the fundamental group. In the next lemma we use the construction (11) in the proof of Theorem 5.1 to relate the minimal values of E in the free homotopy classes of C0(S2, N) to the structure of w2(N) acted on by wz1(N). Each V C wr2(N) determines a free homotopy class of maps from S2 into N and two elements V and a' in wr2(N) determine the same free homotopy class if and only if they belong to the same orbit wc1(N)> = wc1(N)y' under the usual action of wc1(N) on w49(N); i.e., the set w0,,C0(S`, N) of free homotopy classes of maps is in natural one-to-one correspondence with the set of orbits wz1(N)> ci w2(N). We denote by F G w0C0(S2, N) the free homotopy class corresponding to w1,(N)7. For F G 7w0C0(S2, N) , v will denote any element of wr2(N) such that w1,(N)> corresponds to F, and we shall write V e F. Note that for a e wc1(N) and y1, v2 E w2(N) we have a(71 + 7y) a71 + a72. Moreover, given Fj = w1,(N)yi for i 1, 2, 3, with al + y2 =3, then, since ayl + av9 =v3 we Here we use (13) in the last inequality. If ds = 0, s is trivial, which is impossible.
LEMMA 5.4. Let Proof. By Proposition 2.3 and Theorem 4.4 we can find a sequence a> 1 and maps sa e F which are minimizing for F, in r n L 2t(S2, N) and which converge weakly to s in L"(S2, Rk). In fact sa > s in C'(S2-{X, . xl}, N). We can assume that lim__ lima ,1 Ea(sajD(xi, 2-m)) > z, for if not we can apply Lemma 4.2 to remove the singularity x, of the convergence of s. to s. If we can remove all the xi in this fashion, s, > s in CI(S2, N) and s e F is a harmonic map which minimizes E in F. Assuming we cannot do this, pick a small disk D(p) around x, and use construction (11) to define sa: I D(x,, p) ) for small p. In either case, Ek,(u,) > ( and F, # 0.
THEOREM 5.5. There exists a set of free homotopy classes Ai cwC0(S2, N) such that elements {X e Ai} form a generating set for w2(N) acted on by w1(N), and each A, contains a minimizing harmonic map si: S2---N.
Proof. Let Ai be the homotopy classes containing minimizing harmonic maps. Let Pci 2J(N) be the subgroup generated by elements {x e Ai). Suppose the inclusion is proper. Pick a class F with elements V E F, V X P such that if # F' < # F -s/2, then the elements {a' e F'} ci P.
By assumption F does not contain a minimizing harmonic map, so there exist In the next two theorems we look into the situation where the harmonic maps are not necessarily minimizing but may be saddle points. Our first result treats the case where there are no obstructions to our convergence technique. Proof. We apply Theorem 2.8 to get a critical map s, of E, with e < E,(s) < B. Then from Theorem 4.4, there is a subsequence, which we alc, denote by s,, such that s, --i s in C'(S2 -{x, .. *, x1}, N), where ax ---> 1 and s is harmonic. If s is not a map to a point, we are finished. If s is a point, since Ej(s) > c, sa must fail to converge to s at some points. From Theorem 4.7 there exists a harmonic map s with s(S2)cln, U <. S,(S2). Recall the result of Corollary 1.7: the image of a harmonic map from S2 to N is a conformal branched minimal immersion. This, together with the preceding theorem, yields the main theorem on the existence of minimal spheres stated in the introduction. Note that the hypothesis on the universal covering space of N cannot be dropped, for if N has non-positive curvature then every harmonic map s: S2 ---* N is constant. 
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